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Abstract 


In this paper, we deal with weak solutions to non-degenerate sub-elliptic equations 
in the Heisenberg group, and study the regularities of solutions. We establish horizontal 
Calderón-Zygmund type estimate in Besov spaces with more general assumptions on co- 
efficients for both homogeneous equations and non-homogeneous equations. This study 
of regularity estimates expands the Calderón-Zygmund theory in the Heisenberg group. 
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1 Introduction 


The main purpose of this article is to study Besov regularities of weak solutions to a class of 


sub-elliptic equations of the type 
divy A(z, Xu) = 0 (1.1) 


and 
divy A (z, Xu) = divy (IFP? F) (1.2) 


in Q, where Q is an open and bounded sub-domain in the Heisenberg group IH" = R?"+! (n > 
1). We call (1.1) and (1.2) the homogeneous equation and the non-homogeneous equation, 
respectively. The unknown u c H Wr? (Q), where the sub-elliptic Sobolev space HW1?(Q) 


will be introduced in Section 2. In both equations, the horizontal divergence operator divy 


and the horizontal gradient X are defined by 


2n 
dvgF = M Xi, 
i=1 
Xu = (Xiu, Xou, i id , Xon—1U, Xonu) 


in the distributional sense. Moreover, A : Q x IR?" — R?” is assumed to be a Carathéodory 
vector field with general growth and uniformly elliptic conditions, that is, there exist constants 
v, L, k > 0 and 0 < u < 1 such that 


p— 


(A1) — [A(.£) - AG m]: (£79 2 v (i «I + InP) * E-n, 


p-2 
(A2) A(z) - Aw n)| < E(w? e + In?) * E-a, 
p-i 
(A3) — IA, < k (p? lel?) 7 
for every £, n € R?” and for almost all x € Q. In (1.2), F203 m. 

The regularity of solutions to elliptic equations in Euclidean spaces R” has been well 
studied by Iwaniec [10], DiBenedetto and Manfredi [7]. Then this theory is extended to 
the case of general elliptic problems, see in relevant papers [41 [3]. For the nonlinear 
Calderón-Zygmund estimate in the Heisenberg group, Goldstein and Zatorska-Goldstein 
deal with the quadratic case p = 2. Later on the HW!” estimates for sub-elliptic equations on 
H” are proved by Mingione, Zatorska-Goldstein and Zhong [14]. They consider the equation 
of the form 

divy [b(z)a(Xu)] = divy (|F["? F) 


with b € VMO (Q). 


At present, the studies are concerned with the regularity estimates of weak solutions 
in Besov spaces in both R” and H” ([2][6] [9]). Besov spaces consist of a wide class of 


functions compared with the classical Sobolev spaces. Baisón [1] deal with nonlinear elliptic 
equations in divergence form, and obtain a regularity estimate of weak solutions in Besov 
spaces. Clop and Lyaghfouri extended the result in Besov spaces by establishing a 
higher integrability of weak solutions. 

For the homogeneous case (1.1), we assume that there exists a function g € L2@) 
(0 <a « 1) such that 


(A4) |A(z,£) — Aly, £)| € distcc(z, y)? (g(x) + g(y)) (i? + ie) E 


for almost every x,y € Q and all £ € R?”. Here distoc(z, y) is the CC-distance between two 
points x and y in H”. 
While for the non-homogeneous situation (1.2), we assume that there exists a sequence 


of measurable non-negative functions gy € L*(Q) (k € N, 0 « a « 1) satisfying that 


So lslfo. «oo (1€ q « oo) 
(A5) kel La (Q) 
p-1 
|A(r. £) — Aly, £)| < distico(@, y)? (gel) + ou) (u? - Ie) 7 
for € € R?” and almost all x,y € Q such that 27^ < distoc(z,y) < 27 **!. According to 
(A5), we write (gx) € I (L3 (Q)) in short. 


By introducing an auxiliary function 


p-2 
v - (à I?) E (1.3) 
with £ € R?", we present the main results of this article. 


Theorem 1.1. Let 0 « à « 1 and 2 € p « 4. Assume that A satisfies hypotheses (A1)-(A4) 
with 0 < u< 1. Ifue HW, (Q) is a weak solution to (1.1), then V(Xu) € B$ (9) locally. 


Theorem 1.2. Let0<a<1,2<p< 4, andl<q< m Assume that the hypotheses 
(A1)-(A3) and (A5) hold. If u € HW? (Q) is a weak solution to (1.2) with 0 < u < 1 and 
|F|"?F € BY (Q), then V(Xu) € Bg, (Q) locally. 


See Section 2 for the definitions of HW ?(Q) and BY (Q). 

The contribution of the main results is to study a wide class of sub-elliptic equations in 
the Heisenberg group. Our aim is to obtain a Besov regularity estimate of weak solutions. 
The hypotheses (A1)-(A4) (or (A5)) shall be an extension of the VMO conditions. 

This article is organized as follows. In section 2 we give some definitions and tools 
such as classical inequalities, and we present two Lemmas relating to the reverse Holder type 


inequalities of weak solutions. In section 3 and section 4, we present the proofs of Theorem 


and Theorem respectively. 


2 Preliminary 


2.1 Heisenberg Group 


In this section, we collect some basic notations and preliminaries for the Heisenberg group. 
We denote by (x,t) = (£1, 2%2,...,22n,t) the coordinates of points of the Heisenberg group 
H”. The group structure on H” is given by 


(£1, £2, E ; 2n, t) o (Y1, Y2,- . - Y2n, 8) 


1 n 
= | z1 +Y T2 + Y2,--+,LIn + Yan, t + 8 + 3 `> (ZjYn+j — En+jYj) 
j=1 


1 
An anisotropic dilation induces a homogeneous norm (gauge) of (x,t) by (|x|? +t)? . For 


j — l,....m, we set 
o Enj O fô) qui T fô) 


Xj 


ðr; 2 Ot 77 "Oz; 2-08 9t 


which represent a basis of the space of left-invariant vector fields on H”. The vector field 
X1, X5,..., Xo, are called the horizontal vector fields. Then the length of the horizontal 


gradient is given by 
2n 


[xal — S^ Cary: 


j=l 
2.2 CC-distance and CC-Balls 


By considering the well-known Carnot-Carathéodory metric with CC-distance distoc, we 
define CC-balls by 
Br(xo) = {y € H” | distcc(zo, y) < R} 


with the center zo and radius R. By introducing the homogeneous dimension Q = 2n + 2, 


one gets the Lebesgue measure of a CC-ball |Bg(zo)| z R9. 


2.3 Horizontal Sobolev Spaces and Besov Spaces 


Let LP(H") be the Lebesgue space in the Heisenberg group, then the dual space of LP(IH") 
is LP (H^) with 5 4 a = 1. The horizontal Sobolev space with its norm is defined by 


HW'?(Q) {u € P(Q) | Xu e LP(Q)}, 
ellawiray = lule + ||Xullze(ay- 


It is clear that a function u € HWE? (Q), if u € HW? (Qo) for every Qo € Q. 


Let the parameters 0 < a < 1,1 € p < oo, 1 € q € oo. The Besov spaces B5, (Q) 
(Q C H") with its norm are defined via ([16]) 


ule. = lullze + [ulse (a) < %, 
Pod 
Apnul|? h 
"ni | nul ax)” Tm «oo, 1€q«o0o, 
7 E o Va {Al |h] 
Bg4(Q) H 
ere) 
sup "rap dr) <œ, q=o. 
nea \Ja lA] 


In this article, we shall write Apu = u(x + h) — u(x) in short. 


2.4 Basic Tools 


For every € > 0, there exists C(e) > 0 such that for all s,t > 0, there holds 


st <es? + C(e) t”, (2.1) 
which is the classical Young inequality. Here i + 7 = 1. In particular, 
ab < £a? + C(e) b. (2.2) 


Let Bg € H" be a CC-ball, and f an integrable function on Br, we define the average 
of f over the CC-ball Bg as 


(Om, — T. fa)de=— | fedex R79 


A Bal " (25) dar. (2.3) 


f 
Bn 
We present the definition of weak solutions. If for any y € C$? (Q), there holds 

ECESE Xy dx -f |F[?F . Xda, (2.4) 
Q Q 


then uc H WjP(Q) is a weak solution to (1.2). Here we call ọ is a test function. 


2.5 Reverse Holder type inequality 


The higher integrability estimates for Laplace and p-Laplace equations are well known (see 
and [7]). In the Heisenberg group, we have the following two results for homogeneous 


and non-homogeneous situations, see [14]. 


Lemma 2.1. Letu € HW?(Q) with 2 < p < 4 be a weak solution to under the 
hypotheses (A1)-(A4). There exists a constant c(n, p, v, k, L), but otherwise independent of 
L, of the solution u, and of the vector field A(x, Vu), such that the following inequalities hold 
for any CC-ball Bg € OQ: 


sup |Xu| € c (f, o + |Xu|)? 2 (2.5) 


Bg 
2 


Lemma 2.2. Let u € HW'?(Q) with 2 < p < 4 be a weak solution to equation (1.2). 
Assume that (A1)-(A3) and (A5) hold. If F € L1 (Q), then Xu € LI (Q), where q € (p, œ). 


loc loc 


Moreover, there exists a positive constant C(n, p, v, L, q,a) such that 


1 


q 


f ul? dz <o(f. oce imas) «(f fae) (2.6) 


i 
for any CC-ball Bg € Q. 
3  Proofs of Theorem 


In this section we present the proofs of Theorem Inspired by [5], for the vector field 
A(x, £) appeared in (1.2), we introduce 


Ast) es L A(x, £) dz (31) 


for £ € R?” and a CC-ball B C Q. Then we define 


where B C Q is a CC-ball and x € Q. It follows that if A : Q x R?” > R?” be a Carathéodory 
vector field such that (A1)-(A4) hold, then A is locally uniformly in VMO, that is, 


lim sup sup f V(x, B)dz = 0, (3.3) 
R>0 &(BjeR c(B)eK JB 


where K C Q, c(B) and r(B) denote the center and the radius of the CC-ball B, respectively. 
In order to prove Theorem|1.1} we mention that there exists a constant C > 0 such that 


IVE - Vim)? 


ep sehe er) (3.4) 


p-2 
67 (à «KP +P) E 
for any £, 7 € R?” and |E — n| £0. 


We are in a position to present the proof. 


Proof of Theorem|1.1| We let Bag € €? and select a test function y = A s Au) to (1.1), 
where 7 € C§°( Bsr) is a cut-off function satisfying that 


C 
O0<n(z) <1, n(r)slforzrc Bn, n(x) = 0 for x € Ban Br, and |Xn| € R 


One gets that 


Gi = [A(x +h, Xu(z +h)) — A(x + h, Xu)] - n? Anžu dr 


S 
N 
m 


= [A(z, Xu) — A(x +h, €Xu)] - m? Anžu dz 
+ f [A(x + h, Xu) — A(x + h, Xu(x + h))] - 2n Xn Anu dz 


+ / [A(z, Xu) — A(x + h, Xu)] - 2n Xn Apu dz 
Bor 
= Got Gs G4. (3.5) 


We estimate each G; (1 € i € 4) in (3.5). By (A1), it is clear that 
p—2 


es vf (1? + [žule + h)|? + ul?) * Asa 9? da. (3.6) 
Bor 


For G2, according to (A4) and (2.2), we obtain that 


p— 


p—l 
Ga < f Wf (ole) gin +h) (p? + tu?) 7 [Anu rd 
Bor 


IA 


p-2 
Ji (u? + \u)?) ^o |ApXul? n? da 
Bor 


+O P^ f (g(x) + g(a 1 (p? + uP)’ a 
2R 
p-2 


2 


IA 


Ji (1? + [žule +h)? + (ul?) *. [Asa f? de 
Ban 
p 
+ CUA f (gle) ois Y (p? Itu)" az. (3.7) 
2R 
where € > 0 will be chosen later. By (A2) and (2.2), one deduces that 


G3 


IA 


p-2 
C | (u? + |atul? + [ue P) * (Arul m [tn] [Apel d 
Bor 


IA 


p-2 
ef (Iu e Ru e P) * stu Pas 
Bor 


p-2 
4 cf (u? + žu? + [uz + h)/?) ? Xn? (Anul dz. 
Bon 
By applying Lagrange Mean Value Theorem, we obtain 


p-2 
C f (1? + (£u + [ue + RP) ? Enf? Anu da 
Bor 


IA 


p-2 
c i f (u? «21xuP) ? Xu? az 
Bors 


HIA] 


^ 


C |h]? (u+ |Xul)? dz. (3.8) 


B2R+ļ|h| 


To estimate G4, the hypothesis (A4) and (2.2) give us that 


p-1 


Ga € C[| l^ (ge) + gle +h) (p? + l£?) * m Inl [Aul de 


Bor 


IA 


p-2 
ef (p + xu?) ? m |Anul? da 
Bon 
D 
2 


+c nef (gla) ois +1)? (p? Itu)" az. 
2R 
Here we notice that 
p-2 
cf (u? Xu?) 7 1? Anu? de < C [f (u + |Xul)? dz. 
Bor Bor+|h| 


Combining the estimates of G; and choosing € small enough, we obtain that 
p-2 
f (1? + [žule +h) + xu) 7 JAuuP f de 
Bor 


< CIR f (ole) eoo e (u? tu) as 


2R 
+ C |n (u+ |Xul)? dz. 
Bor+h| 


By the definition of V and (3.4), one gets 


p-2 


Ar < C (u? + Xu(z +h)? + xu?) 7 \A;, Xu? . 


We integrate both sides of (3.11) on Br and apply the properties of r to get 
2 


| [AV]? dx 
Br 
2 


p— 


p—2 
cj (i? + lule IP + £u?) ? Anu n? dz 
Br 
2 


IA 


p 
2 


< CIP f (s) + g+)? (x? + Iul?) ae 


^ 


+C Jh}? (u + |Xul)? dz. 


B2R+ļh| 


Dividing both sides of (3.12) by |h|?°, it follows that 

2 

f dx 
Bg 
ps 


C| (g(x) +9(x+h))? (i? ET iu?) da 
Bon 


AnV 
|r|" 


IA 


4 C |n? f utua 
B2R+ļh| 


= P +P. 


(3.9) 


(3.10) 


(3.11) 


(3.12) 


(3.13) 


Finally, we shall give the proof that P; is bounded for each i. In view of Lemma [2.1] ones 
Q 
get |Xu|? € L'(Q) with t > 1. In particular, |Xu|? € L2-?« (Q). By choosing 0 < |h| < 8 < R 


and (A4), we acquire 


Pi 


IA 
Q 
AL c 
oo 

ES 
— 
el 
— 
8 
bl 
E 
= 
8 
+ 
= 
IA 
R 
[em 
8 
p 
eg 
A 7X 
Eg 
E 
m— | 
Ls 
R= 
N 
+ 
ea 
ES 
N 
SY 
wis 
LI——À 
Pa 
N| 
S 
[em 
8 
NE 
& 


IA 
Q 
Lom 
oo 
N 
+ 
= 
Ss 
B 
RISO 
[em 
8 
NE 
© 
LO CX 
S 
x 
m— y 
ENS 
Bs 
N 
+ 
ea 
Es 
N 
NS 
NY 
| Sa | 
e 
8 
NE 
© 
A 


2 
Because u € HWE? (Q), we get P» < oo. It follows that sup Sor ARV. 
|[h|«ó Z 


that is, V(Xu) € BS (9) locally. 


4  Proofs of Theorem 


For the non-homogeneous case, we need the following lemma. 


Lemma 4.1. Let A : Q xR” > R?” be a Carathéodory vector field such that (A1)-(A3) and 
(A5) hold. Then A is locally uniformly in VMO, that is, 


lim sup sup f V(x, B) dz = 0, (4.1) 
R30 &(Bjen c(B)eK JB 


where V (x, B) is given in (3.2), K CQ, c(B) and r(B) denote the center and the radius of 
the CC-ball B, respectively. 


Proof. Given a point x € Q, we let A;(x) = " € Q: 2-* < distcc(z, y) < 2-**!). Ones get 


f ve Byz < f sup |. r m) NS dy dx 
B B ER?” i? ep) 
_ <= Aly T3) 
7 f 22.7 |B ae ido 


is +) 


; NI i 
< —, distcc(x, y)” (gk (£) + gk(y)) dy dz 
Y ffan eao 


Q-a 
1 l s - 
(ae 2 h jns distoc(z, y)9"* dy 2 
1 r $ 
(Be 2 dyd 
(PES f... mmm y J 
a 1 " 3 
C(Q, o)|B|9 (PES, f, t nn aaz) l 


9 


IA 


By Holder inequality, we acquire that 


1 " s 
(ss X f, hior” + gx(y)) = dy 2 
: o M8 
< ÇC CX: N A;(x)| f aw? 2 


í a, aqg-Q 
< £ (Elotte ) — (xus n Aes DT 
IBE VA 148) ppl) V^ 
=a q 1 
< CQ, a, a) IBI (Sit ») 
We choose r > 0 small enough and observe that z > ||gz||_ |. o is continuous on the 


(La (Br(2))) 
set {x € 0: dist(z, OQ) >r}. Therefore, there is a point x, € K for r > 0 small enough such 


that 


su = 
IE lorla ) ligul 


(By (a) I (LÀ (B, (2) 


We obtain that 


CANAI 
lim = lim 2 r 
Him hael ser d es cy ES i gi 


Each of the limits on the right hand side equals to 0. Hence we complete the proof. 


With the help of preceding lemma, we have the following result. 


Proof of Theorem [1.2] We assume that B3g +1 € Q, and choose a test function y = A (n? Apu) 
to (1.2), where n € CF (Q) is a cut-off function satisfying that 


C 
0<n(z) <1, m(r)m-1forr€ Br, n(x) =0 for x € B3R+1\BRr, and |Xn| < RO 
2 
According to the definition of weak solution and choice of test function, we obtain 


Gi = f [A(x + h, Xu(z +h)) — A(x + h, Xu)] m? Anžu dz 
Bor 
= f [A(z, Xu) — A(x + h, Xu)] - n? Anžu dz 
Bor 
+ [| [A(x +h, Xu) — A(x +h, Xu(z + h))]- 2n Xn Apu dz 
Bor 


+ f [A(z, Xu) — A(x + h, Xu)] - 2n Xn Apu dz 
Bor 


J f Ah [rp F| an Anude + f An er? F| p Apkuda 
Bor Bor 


= G2 + G3 + G4 +G; + Ge. (4.2) 


10 


We have estimated the terms G4 to G4 in the proof of Theorem |1.1| Thus it remains to 
estimate Gs and Gg. We apply (2.2) to get 


Gs € C] |A.[FPF] | nul nae 
Bar 
2 
A Fp-?p 
< C ree f Aule] dz +C |Anul? n? da. 
Bor [h| Bər 


By applying the Lagrange Mean Value Theorem, the second term can be controlled by 


e Arul? n? < C H Anul? 2q 
(u) [Anu] n de < z |Anul” n° dz 
Bor Bər M 
17P 
iG xu) i 
< C |^? icd |Xu|? da 
Bon4n| ( 2 2\2 
i + |xup) 
< CUR (u+ |Xu|)? dz. 


Barth 


For the estimate of Gg, it is apparent that 


Ge < f [An [FPF || [Anžu] n? dx 
Bor 
2 
Ag | |F|P72F 
< C P^ f BEL] dete f lAnXu|? n? dz. 
Bor [h| Bor 


Similarly, one obtains that 


€ 
pp? 


IA 


Ji |AnXul? n? da f UP? |ApnXul? n? da 
Bor Bor 


p— 


p—2 
< 3], (i? + |Xu(a + hb) + up?) ? |AsXu|? n? da. 
2R 


Combining the estimates of G;, we evidently have 


E E 2 2 NF 2.2 
( 2e TM (u + |Xu(x + h)| + |Xul”) |A,Xul* n^ dx 


p 
< CHP f (ola) + gele 1) (p? + Rul)? az 
Bor 
2 


Aa FP FIT a (43) 


- Cn? (u+ Beup*dz +C [ap^ f "s 


Bort h| Bor 


11 


By choosing € = gun we obtain that 
up-2 


p-2 
| (i? + Xu(xz + h)|? + xul?) s [A žu]? n? da 
Bor 


p 
2 


< CIM f (ola) + ole +)? (n? + žup)? az 


2 
An | |F| 72F 
+C |h}? (u+ |Xu|)? da + C ape f EE (4.4) 

Bor+|n Bor [hl 

Using (1.3) and (3.4), we obtain that 
p-2 
lA, V «c (ie + |Xu(a +h)? + xu?) = Ass. 
Using (4.4), it follows that 
2 
An | |F|P-2F 
/ lAsV dx < Ch)? (u+ |Xu|)? dz + C me f AUT] z 
Br Bort hI Bor [h| 
2 
D 
e P^ f (ar) + gele 9)? (p? + |n" de, (4.5) 
2R 


Dividing both sides of (4.5) by |h|?° and applying the properties of 7, one derives that 


2 


AnV |? An ||F|?F 
| nV dx < c p f (u+ |Xul)? dz + C An [FPF] da 
Bg [| Bean Bor [h| 
D 
+C i (gu(x) + gu (x + h))? (u? xul?" dz. (4.6) 
2R 
By taking the power of i, one obtains 
z 1 
A,V |? Z |? 
[Fe] ac) s ef, meet y (e [aul a 
Bg | IA] Ban 
2 
2 
+C lal (/ (u+ rae) 
Bor+|h| 
> 1 
Ay | |FP AF 
+C f Ba [DPI Y dx} . (4.7) 
Bər [h| 


Restricting to Bs with 0 < |h| < 6 and taking the L? norm with respect to the measure TE 


12 


it follows that 


mEJ 
jal? 


AnV 
|? 


A 
C U, (f... (gi (a) + gi (x + 5)? G n stu?) p a Ey 1 


2 dh a 
+C f |n ja 9a (/ (u + |Xul)? 2 ET 
Bs Bor+h| [h| 


q 
Bs Bor 


1 
2 2 4 
= P) + b +P. (4.8) 


IA 


An [|F AF | 
Ip" 


dh 
|h]? 


2Q 
We shall show that each P; (1 < i < 3) is bounded. Since Bg,(0) C L9-?«(Q) with 


2Q 2Q 
1<q< o. one has |F|?-?F € L9-?« (Q). By Lemmap.2 we get |Xu|" ? Xu € L2-3« (N). 
2Q(p—1) 
That is, Xu € L Qa (Q). Since 


2Q(p-1).  Qp 
Q-2a ~ Q-2a' 


Q 
then we get |€u|? € L@-24(Q). 
To estimate P,, we write the L? norm in polar coordinates. There is no harm in sup- 


posing that ô = 1, so h € B, N R?" is equivalent to h = r£ for 0 < r < 1 and £ in the unit 


sphere S?"-!, Let do(£) be the surface measure on S?"-!. By letting rj = =, we estimate 


Pi as 


p = PLL (f etro et Qe + eur) as) aoo a 


-f » f LG, mme? Qe tal?) ae) ' aeo a 


f, J a [i | 
2 Tk+1 S2n-1 


PN 3 
(reor + g) ( (p? + 12u)" ) 
0 k=0 
: LQ Q 
We note that tre gk(£) = gk(x 4- r£). Since |Xu|? € L9-2« (Q) and gy € Lè (Q), one gets that 


1 
PN 5 
(niga + an) ( (p? + Ieu)" 


2a 
Q 2 oo Q 
Bər Bor 


13 


IA 


L?(BoR) 


= Mr + 90), gus, (P IP) 


La (Bor) LOT (Bop) 
On the other hand, there holds 
T + < + <2 
| Cre ge + 26,20. S Melage T lS yay S S a 


for each £ € S??—! and rea, < r < ry, where o = 3 + A Therefore one gets 


JUL 
n sel m) a Mol, 


« oo. 
LQ-2« (Bor ) 


(L2 (Bn) 


In the Heisenberg group, a direct calculation gives us that 


(l-a)q-Q 
f meea = f l COSE uf 
Bg n H” Bs R2n B5 OAR 


Uag ee 41 


= cof (P+) dz 
Bg N R2” 
(1—a)q—2n 


ô 
= C(a,q, Q) wan f (p? + 6°) 2 pe dp 
0 


IA 


ó 
Clag Qwan f pd 94-1 dp < oo. 
0 


According to the fact that u € HW'?(Q), we deduce that 


1 3 
C ( |n 0790-9 ar) 4 (/ (u+ upra) 
Bs Bon4|n| 
1 1 
ô q 2 
C (| pra v) ( (u + |Xul)? 2 < pO. 
0 B2R+ļh| 


Because |F|P72F € B% (Q), it follows that 


P, 


IA 


IA 


An [|FP?F | 


P =C : 
|h] 


< OO. 
La (te 2m) 


Therefore, we complete the proof of Theorem |1.2 
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